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We revisit the ρ-meson longitudinal leading-twist distribution amplitude (DA) φ
‖
2;ρ by using the
QCD sum rules approach within the background field theory. To improve the accuracy of the sum
rules for its moments 〈ξ
‖
n;ρ〉, we include the next-to-leading order QCD correction to the perturbative
part and keep all non-perturbative condensates up to dimension-six consistently within the back-
ground field theory. The first two moments read 〈ξ
‖
2;ρ〉|1GeV = 0.241(28) and 〈ξ
‖
4;ρ〉|1GeV = 0.109(10),
indicating a double humped behavior for φ
‖
2;ρ at small energy scale. As an application, we apply
them to the B → ρ transition form factors within the QCD light-cone sum rules, which are key
components for the decay width Γ(B → ρℓνℓ). To compare with the world-average of Γ(B → ρℓνℓ)
issued by Particle Data Group, we predict |Vub| = 3.19
+0.65
−0.62, which agrees with the BABAR and
Omne`s parameterization prediction within errors.
PACS numbers: 14.40.Be, 11.55.Hx, 12.38.Aw, 12.38.Bx
I. INTRODUCTION
The ρ-meson distribution amplitudes (DAs) are key
components for collinear factorization of the ρ-meson
involved processes, such as the semi-leptonic decay
B(D)→ ρℓνℓ and the flavor-changing-neutral-current de-
cays B → ργ and B → ρℓ+ℓ−, which are important for
extracting the Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix elements and for searching new physics beyond the
Standard Model. Inversely, those processes could pro-
vide good test of various ρ-meson DA models suggested
in the literature. The ρ-meson DAs arouse people’s great
interest since the initial works of Refs.[1–3] on the light-
meson DAs. The vector ρ-meson DAs have more complex
structures than the light pseudoscalar DAs. There are
chiral-even and chiral-odd ρ-meson DAs due to chiral-
even and chiral-odd operators in the matrix elements.
The ρ-meson thus has two polarization states, either lon-
gitudinal (‖) or transverse (⊥), which can be expanded
over different twist structures [4, 5]. In the paper, we
shall concentrate our attention on the ρ-meson longitu-
dinal leading-twist DA φ
‖
2;ρ.
The leading-twist DA φ
‖
2;ρ(x, µ) can be expanded as a
Gegenbauer polynomial series [6], i.e.
φ
‖
2;ρ(x, µ) = 6x(1−x)
(
1 +
∑
n
C3/2n (ξ)× a‖n;ρ(µ)
)
, (1)
where ξ = 2x− 1. The Gegenbauer moments a‖n;ρ at any
other scale can be obtained via QCD evolution equa-
tion. The evolution equation up to next-to-leading or-
der (NLO) is available in Ref.[7]. Theoretically, the
∗ wuxg@cqu.edu.cn
Gegenbauer moments have been studied via various ap-
proaches [8–16]. Most of their predictions are consistent
with each other, but are of large theoretical uncertain-
ties. It is helpful to provide an accurate prediction for
a better comparison with the forthcoming more accurate
experimental data.
The conventional Shifman-Vainshtein-Zakharov (SVZ)
sum rules [17] provides a standard way to deal with
the hadron phenomenology. Within the framework of
SVZ sum rules, hadrons are represented by interpolating
quark currents with certain quantum numbers taken at
large virtualities. The correlation function (correlator) of
those currents is introduced and treated by using the op-
erator product expansion (OPE), where short- and long-
distance quark-gluon interactions are separated. The
short-distance part is perturbatively calculable, while the
non-perturbative long-distance part can be parameter-
ized into the non-perturbative but universal vacuum con-
densates. The SVZ sum rules is then achieved by match-
ing to a sum over hadronic states with the help of dis-
persion relation.
The introduction of vacuum condensates is the basic
assumption of the SVZ sum rules. Those universal vac-
uum condensates reflect non-perturbative nature of QCD
which can be fixed via a global fit of experimental data.
As suggested by the background-field theory (BFT), the
quark and gluon fields are composed of background fields
and quantum fluctuations around them. This way, the
BFT provides a self-consistent description for the vacuum
condensates and provides a systematic way to derive the
SVZ sum rules [18–22].
The SVZ sum rules within the BFT has been ap-
plied to deal with the pseudoscalar and scalar DAs [23–
28]. In those calculations, because of the complexity of
high-dimensional operators and also the contribution of
high-dimensional condensates are generally power sup-
pressed, one simply adopts the reduced quark propaga-
2tors SF (x, 0) and the vertex operators Γ(z ·
↔
D)n, which
keep only up to dimension-three operators. Such a rough
treatment is theoretically incomplete, which may miss
some important high-dimensional condensates in the sum
rules. Their contribution may be sizable, especially to
compare with the NLO QCD corrections to the pertur-
bative part. Thus to compare with the forth-coming more
and more accurate data, it is helpful to take those high-
dimensional terms into consideration.
We have deduced the formulas for the quark propaga-
tor SF (x, 0) and the vertex operators Γ(z ·
↔
D)n within the
BFT by keeping all terms in the OPE up to dimension-
six operators [29, 30]. For example, the quark propagator
is parameterized as [29]
SF (x, 0) = S
0
F (x, 0) + S
2
F (x, 0) + S
3
F (x, 0) +
2∑
i=1
S
4(i)
F (x, 0)
+
3∑
i=1
S
5(i)
F (x, 0) +
5∑
i=1
S
6(i)
F (x, 0), (2)
where S
k(i)
F (x, 0) stand for the propagator parts that
are proportional to the dimension-k operators with type
(i) under the same dimension. Those formulas help us
to achieve a sound and accurate SVZ sum rules up to
dimension-six condensates such as 〈gsq¯q〉2 and 〈g3sfG3〉.
Their first applications for the heavy and light pseu-
doscalar DAs have been done in Refs.[29, 30]. Those
applications show that the new propagators and vertex
operators shall result in new terms proportional to the
dimension-six condensates that are missing in previous
studies but do have sizable contributions. We shall adopt
those newly derived quark propagator and vertex opera-
tors to study the ρ-meson longitudinal leading-twist DA
φ
‖
2;ρ. We shall then apply φ
‖
2;ρ to deal with the B → ρ
transition form factors (TFFs) within the light-cone sum
rules (LCSR) [31–33]. As a further step, we shall show
their effects to the B-meson semi-leptonic decay width
Γ(B → ρℓνℓ), which has been measured by the BABAR
collaboration [34, 35].
The remaining parts of the paper are organized as fol-
lows. In Sec.II, we describe the calculation technology
for deriving the moments of the leading-twist DA φ
‖
2;ρ
within the SVZ sum rules. In Sec.III, we present the nu-
merical results for the moments 〈ξ‖n;ρ〉, the decay width
Γ(B → ρℓνℓ), and the CKMmatrix element |Vub|. Sec.IV
is reserved for a summary.
II. CALCULATION TECHNOLOGY
Within the framework of BFT, the gluon field AAµ (x)
and quark field ψ(x) in QCD Lagrangian are replaced by
AAµ (x)→ AAµ (x) + φAµ (x), (3)
ψ(x)→ ψ(x) + η(x), (4)
where AAµ (x) with A = (1, · · · , 8) and ψ(x) at the right-
hand-side are gluon and quark background fields, respec-
tively. φAµ (x) and η(x) stand for the gluon and quark
quantum fields, i.e., the quantum fluctuation on the back-
ground fields. The QCD Lagrangian within the BFT can
be found in Ref.[22]. The background fields satisfy the
equations of motion
(i/D−m)ψ(x) = 0 (5)
and
D˜ABµ G
Bνµ(x) = gsψ¯(x)γ
νTAψ(x), (6)
where Dµ = ∂µ − igsTAAAµ (x) and D˜ABµ = δAB −
gsf
ABCACµ (x) are fundamental and adjoint representa-
tions of the gauge covariant derivative, respectively. One
can take different gauges for the quantum fluctuations
and the background fields. A proper choice of gauge
could make the sum rules calculation much more sim-
plified. Practically, one usually adopts the background
gauge, D˜ABµ φ
Bµ(x) = 0, for the gluon quantum field [18–
20], and the Schwinger gauge or the fixed-point gauge,
xµAAµ (x) = 0, for the background field [36]. Using those
inputs, the quark propagator SF (x, 0) and the vertex op-
erators Γ(z ·↔D)n are ready to be derived up to dimension-
six operators within the BFT. We refer the interested
readers to Ref.[29] for details.
Considering the definition
〈0|d¯(0)z/(iz · ↔D)nu(0)|ρ(q, λ)〉
=(e(λ)∗ · z)(q · z)nmρf‖ρ 〈ξ‖n;ρ〉, (7)
where q and e(λ) are momentum and polarization vector
of the ρ-meson, (z · ↔D)n = (z · −→D − z · ←−D)n, and f‖ρ is
the decay constant. The nth-order moment of ρ-meson
leading-twist DA φ
‖
2;ρ(x, µ) at the scale µ is defined as
〈ξ‖n;ρ〉 =
∫ 1
0
du(2x− 1)nφ‖2;ρ(x, µ). (8)
As a special case, the 0th-moment satisfies the normal-
ization condition
〈ξ‖0;ρ〉 =
∫ 1
0
dxφ
‖
2;ρ(x, µ) = 1. (9)
To derive the SVZ sum rules for the ρ-meson leading-
twist DA moments 〈ξ‖n;ρ〉, we introduce the following cor-
relator,
Π(n,0)ρ (z, q) = i
∫
d4xeiq·x〈0|T {Jn(x)J†0 (0)}|0〉
= (z · q)n+2I(n,0)(q2), (10)
where Jn(x) = d¯(x)z/(iz ·
↔
D)nu(x) and z2 = 0. Here
n = (0, 2, · · · ), i.e. only even moments are nonzero due
to the isospin symmetry.
3The correlator (10) is an analytic q2-function defined
at both positive and negative q2-values. In physical re-
gion (q2 > 0), the complicated hadronic content of the
correlator can be quantified by applying the unitarity re-
lation through inserting a complete set of intermediate
hadronic states to the matrix element. By singling out
the ground-state and introducing a compact notation for
the rest of contributions, we obtain
ImI
(n,0)
had (q
2) = πδ(q2 −m2ρ)f‖ρ
2〈ξ‖n;ρ〉
+π
3
4π2(n+ 1)(n+ 3)
θ(q2 − sρ), (11)
where the quark-hadron duality has been adopted and
the parameter sρ is the continuum threshold of the lowest
continuum state.
(a) (b)
FIG. 1. Schematic Feynman diagrams for the ρ-meson lon-
gitudinal leading-twist DA moments, where the cross (×)
stands for the background quark field. The big dots stand
for the vertex operators in the correlator, the left one is for
z/(iz ·
↔
D)n and the right one is for z/.
On the other hand, one can apply the OPE for the cor-
relator (10) in deep Euclidean region (q2 < 0). The coef-
ficients before the operators (result in non-perturbative
condensates) are perturbatively calculable. The OPE in-
dicates that
Π
(n,0)
2;ρ (z, q) = i
∫
d4xeiq·x
×{− Tr〈0|SdF (0, x)z/(iz · ↔D)nSuF (x, 0)z/|0〉
+Tr〈0|d¯(x)d(0)z/(iz · ↔D)nSuF (x, 0)z/|0〉
+Tr〈0|SdF (0, x)z/(iz ·
↔
D)nu¯(0)u(x)z/|0〉}+ · · · .(12)
The first term corresponds to Fig.(1a), the second one
corresponds to Fig.(1b), and the third one corresponds
to permutation contribution by transforming u↔ d from
Fig.(1b). We adopt the dimensional regularization under
the MS-scheme to deal with the infrared divergences at
high orders, whose divergent terms shall be absorbed into
the renormalized leading-twist DA [37].
As a combination of the correlator within different q2-
region, the sum rules for the moments of the ρ-meson
leading-twist DA can be derived by using the dispersion
relation
1
π
1
M2
∫
dse−s/M
2
ImIhad(s) = LˆMIQCD(q
2), (13)
where M is the Borel parameter and the Borel transfor-
mation operator
LˆM = lim
Q2, n→∞
Q2/n = M2
1
(n− 1)! (Q
2)n
(
− d
dQ2
)n
, (14)
where Q2 = −q2. The final sum rules reads
〈ξ‖n;ρ〉 =
M2
f2ρ
em
2
ρ/M
2
{
3
4π2(n+ 1)(n+ 3)
(
1 +
αs
π
A′n
)(
1− e−sρ/M2
)
+
∑
q=u,d
(
mq〈q¯q〉
M4
− 8n+ 1
18
mq〈gsq¯σTGq〉
M6
+
4n+ 2
81
〈gsq¯q〉2
M6
)
+
1 + nθ(n− 2)
12π(n+ 1)
〈αsG2〉
M4
+
1
16π
〈g3sfG3〉
M6
{
8δn0 + 405n+ 192
36
ln
M2
µ2
− 16δ
n0 + 810n+ 363
72
×γE + 7
24
ψ(n+ 1) +
8δn0 + 405n+ 826
72
+ θ(n− 2)
[
16− 22n
72
ln
M2
µ2
− 788n+ 421
72
ψ(n+ 1)− 766n+ 437
72
γE
−68n
2 − 37n− 11
144n
+
n−2∑
k=0
(−1)k 1
144
(
3(135k+ 128)
n− k +
383k + 399
k − n+ 1 −
106kn− 410k + 617n− 415
(k + 1)(k + 2)
+ 106
)]}}
,
(15)
where the step function θ(x) = 1 for x ≥ 0, and
θ(x) = 0 for x < 0. γE = 0.557216 is Euler’s con-
stant and the 0th-derivative of the digamma function
ψ(n + 1) =
∑n
k=1 1/k − γE . The NLO coefficients An
have been calculated by Ref.[8], whose first three ones
are, A′0 = 1, A
′
2 =
5
3 and A
′
4 =
59
27 , respectively.
One can obtain relations among the Gegenbauer mo-
ments a
‖
n;ρ and the moments 〈ξ‖n;ρ〉 by substituting Eq.(1)
4into Eq.(8). For examples, we have
a
‖
2;ρ =
7
12
(
5〈ξ‖2;ρ〉 − 1
)
, (16)
a
‖
4;ρ = −
11
24
(
14〈ξ‖2;ρ〉 − 21〈ξ‖4;ρ〉 − 1
)
, (17)
a
‖
6;ρ =
5
64
(
135〈ξ‖2;ρ〉 − 495〈ξ‖4;ρ〉+ 429〈ξ‖6;ρ〉 − 5
)
.(18)
III. NUMERICAL RESULTS AND
DISCUSSIONS
We adopt the following parameters to do the numerical
calculation. The ρ-meson mass and decay constant are
from the Particle Data Group [38], mρ = 0.775GeV and
f
‖
ρ = 0.216 ± 0.003GeV. The non-perturbative vacuum
condensates up to dimension-six have been determined
in references [39–51],
〈q¯q〉 = −0.0138(17)GeV3,
〈gsq¯q〉2 = −0.0018(7)GeV6,
〈αsG2〉 = 0.038(11)GeV4,
〈g3sfG3〉 = 0.013(7)GeV6,∑
q=u,d
mq〈q¯q〉 = −1.656(5)× 10−4GeV4,∑
q=u,d
mq〈gsq¯σTGq〉 = 1.325(33)× 10−4GeV4.
The continuum threshold sρ is usually set as the value
around the squared mass of the ρ-meson first excited
state. At present, the structure of the excited ρ-meson
state is not yet completely clear, cf. a recent review in
Ref.[38]. Therefore, we use the sum rules (15) with n = 0,
together with the normalization condition 〈ξ‖0;ρ〉 = 1, to
inversely determine an effective value for sρ. We get,
sρ ≃ 2.8GeV2, which indicates that the effective thresh-
old continuum state is close to ρ(1700).
A. The ρ-meson leading-twist DA φ
‖
2;ρ(x, µ)
To determine a Borel window for the sum rules (15),
e.g. the allowable range for M , we adopt two criteria:
I) All continuum contributions are less than 40% of the
total dispersion relation; II) The contributions from the
dimension-six condensates should not exceed 10%. By
setting all other parameters to be their central values,
the first two moments 〈ξ‖2;ρ〉 and 〈ξ‖4;ρ〉 up to NLO level
at the scale µ = M are determined as
〈ξ‖2;ρ〉|µ=M = 0.234(23) for M2 ∈ [1.72, 3.00] (19)
and
〈ξ‖4;ρ〉|µ=M = 0.103(7) for M2 ∈ [4.26, 4.86], (20)
where the central values are for M2 = 2.185 and 4.535,
respectively.
TABLE I. The first two moments 〈ξ
‖
(2,4);ρ
〉|µ=M of the longitudinal leading-twist DA φ
‖
2;ρ predicted from the sum rules under
the BFT. Here the perturbative contributions are calculated up to NLO level and the non-perturbative contributions are up
to dimension-six condensates. The contributions from the LO-terms, the NLO-terms, the dimension-three, the dimension-four,
the dimension-five and the dimension-six condensates are presented separately. The errors are obtain by varying M2 within
the determined Borel window.
LO NLO Dimension-three Dimension-four Dimension-five Dimension-six Total
〈ξ
‖
2;ρ〉|µ=M 0.193(34) 0.014(1) −0.0021(7) 0.013(6) 0.0007(5) 0.015(22) 0.234(23)
〈ξ
‖
4;ρ〉|µ=M 0.081(4) 0.008(1) −0.0008(1) 0.005(2) 0.0003(1) 0.010(1) 0.103(7)
To show how the non-perturbative dimension-six con-
densates and the perturbative NLO corrections affect the
moments, we list the first two moments 〈ξ‖(2,4);ρ〉 at the
scale M in Table I, where the perturbative contributions
are calculated up to NLO level and the non-perturbative
contributions are up to dimension-six condensates. The
contributions from the LO-terms, the NLO-terms, the
dimension-three, the dimension-four, the dimension-five
and the dimension-six condensates are presented sepa-
rately in Table I. It shows that the dominant contribution
is from the LO-terms, which provide ∼ 80% contribution
to 〈ξ‖(2,4);ρ〉. The NLO-terms provide ∼ 6.0% contribu-
tion to 〈ξ‖2;ρ〉 and ∼ 7.8% contribution to 〈ξ‖4;ρ〉. It is
noted that the non-perturbative condensates do not fol-
low the usual power counting of 1/M2-suppression, and
the dimension-six condensates provide sizable contribu-
tions to the moments which are at the same order of the
NLO-terms. Thus they are of equal importance for a
precise prediction of the φ
‖
2;ρ moments.
5By using the relations among the Gegenbauer moments
a
‖
n;ρ and the moments 〈ξ‖n;ρ〉, such as Eqs.(16,17,18), we
can derive a
‖
n;ρ at the scale M . Furthermore, the Gegen-
bauer moments a
‖
n;ρ at any other scale can be obtained
via the QCD evolution, i.e. the evolution at the NLO
accuracy shows [7, 52, 53]
a‖n;ρ(µ) = a
‖
n;ρ(µ0)E
NLO
n;ρ
+
αs(µ)
4π
n−2∑
k=0
ak;ρ(µ0)L
γ
(0)
k
/(2β0)d
(1)
nk , (21)
where µ0 is the initial scale, µ is the required scale, and
ENLOn;ρ = L
γ(0)n /(2β0)
×
{
1 +
γ
(1)
n β0 − γ(0)n β1
8πβ20
[
αs(µ)− αs(µ0)
]}
,(22)
where L = αs(µ)/αs(µ0), β0 = 11 − 2nf/3, β1 =
102− 38nf/3, γ(0)n and γ(1)n are LO and NLO anomalous
dimensions, accordingly.
TABLE II. The first two Gegenbauer moments a
‖
2;ρ and a
‖
4;ρ for the longitudinal leading-twist DA φ
‖
2;ρ, which is predicted from
the sum rules under the BFT. A comparison of predictions under various approaches [9–16] has also been presented. For easy
comparison, we have set the scale µ0 = 1GeV. The moments 〈ξ
‖
2;ρ〉 and 〈ξ
‖
4;ρ〉 and the inverse moment 〈x
−1〉 are also presented.
The number in the parenthesis shows the uncertainties from all the input parameters.
a
‖
2;ρ a
‖
4;ρ 〈ξ
‖
2;ρ〉 〈ξ
‖
4;ρ〉 〈x
−1〉
our predictions 0.119(82) −0.035(100) 0.241(28) 0.109(10) 3.30(34)
NLCSR [9] 0.047(58) −0.057(118) 0.216(21) 0.089(9) 2.97(39)
BB [10] 0.150(70) - 0.251(24) - 3.45(21)
Lattice QCD [11] 0.197(158) - 0.268(54) - 3.60(48)
BS [12] 0.111 0.036 0.238 0.115 3.44
AdS/QCD [13, 14] 0.104 0.053 0.236 0.115 3.47
LFQM [15] 0.014 −0.005 0.205 0.088 3.03
IM [16] −0.010 −0.033 0.196 0.080 2.87
We present our predictions for the Gegenbauer mo-
ments a
‖
2(4);ρ, together with the moments ξ
‖
2(4);ρ and the
inverse moment 〈x−1〉 = ∫ 10 dxx−1φ‖2;ρ(x, µ), in Table II,
where all uncertainty sources have been taken into con-
sideration and have been summed up in quadrature. Be-
cause of the dominance of the LO-terms to the moments
〈ξ‖(2,4);ρ〉, the φ
‖
2;ρ behavior and the quantities such as
the TFFs and |Vub| shall be dominated by the LO-terms.
For example, as will be shown later, if without taking
the NLO-terms and the dimension-six condensates into
consideration, the magnitudes of A1, A2 and V0 at q
2 = 0
shall be altered by 3%− 4%; and the magnitude of |Vub|
shall be altered by ∼ 5%.
As a comparison, we also present the sum rules pre-
diction with nonlocal condensates (NLCSR) [9], the Ball
and Brawn (BB) prediction [10], the Lattice QCD pre-
diction [11], the Bethe-Salpeter wavefunction (BS) pre-
diction [12], the AdS/QCD prediction [13, 14], the Light-
Front Quark Model (LFQM) prediction [15], and the In-
stanton Model (IM) prediction [16] in Table II. To com-
pare with the other predictions, we have set the scale
µ0 = 1GeV, which is adopted in most of the references.
It is noted that our present predictions on the DA mo-
ments agree with most of them within reasonable errors,
and most of them prefer a double humped behavior, as
explicitly shown by Fig.(2).
We make a discussion on how the φ
‖
2;ρ behavior changes
with different truncations of the Gegenbauer expansion.
By taking the central values for the Gegenbauer moment
a
‖
n;ρ, we put the DA φ
‖
2;ρ(x, µ0 = 1GeV) for n = (2, 4, 6)
in Fig.(3). It shows that by including the sixth-moment
a
‖
6;ρ(1GeV) = 0.009 into the Gegenbauer expansion, the
shape of φ
‖
2;ρ is slightly changed and close to the double
humped behavior for the case of n = 4. By including
more moments into the expansion, the φ
‖
2;ρ behavior shall
be almost unchanged. Thus it is convenient and is of
high precision to keep only the first two moments in the
Gegenbauer expansion.
The ρ-meson leading-twist wavefunction ψ
‖
2;ρ(x,k⊥) is
an important component for a reliable pQCD predictions
within the kT factorization formalism [54, 55]. We adopt
the present DA moments to fix a ρ-meson wavefunc-
tion ψ
‖
2;ρ(x,k⊥) that is constructed from the Wu-Huang
(WH) model [56]
ψ
‖
2;ρ(x,k⊥) =
∑
h1h2
χh1h2ρ (x,k⊥)ψ
R
2;ρ(x,k⊥), (23)
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FIG. 2. The ρ-meson leading-twist DA φ
‖
2;ρ(x,µ0 = 1GeV)
predicted from the sum rules under the BFT (BFTSR). As
a comparison, the NLCSR prediction [9], the BB predic-
tion [10], the Lattice QCD prediction [11], the AdS/QCD
prediction [13, 14], the LFQM prediction [15], and the IM
prediction [16] have also been presented.
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FIG. 3. The ρ-meson longitudinal twist-2 DA φ
‖
2;ρ(x,µ0 =
1GeV) for n = 2, 4 and 6, respectively.
whose radial part is from the BHL-prescription [57]. The
spin-space wavefunction χh1h2ρ (x,k⊥) is from the Wigner-
Melosh rotation [58–60]. The ρ-meson DA φ
‖
2;ρ can be
derived from ψ
‖
2;ρ(x,k⊥) via the relation
φ
‖
2;ρ(x, µ) =
2
√
3
f˜
‖
ρ
∫
|k⊥|2≤µ2
dk⊥
16π3
ψ
‖
2;ρ(x,k⊥) , (24)
which leads to
φ
‖
2;ρ(x, µ) =
A
‖
2;ρ
√
3xx¯mq
8π
3
2 f˜
‖
ρ b
‖
2;ρ
[1 +B
‖
2;ρC
3
2
2 (ξ) + C
‖
2;ρC
3
2
4 (ξ)]
×
[
Erf
(
b
‖
2;ρ
√
µ2 +m2q
xx¯
)
− Erf
(
b
‖
2;ρ
√
m2q
xx¯
)]
,
(25)
where f˜
‖
ρ = f
‖
ρ /
√
5, the error function, Erf(x) =
2
∫ x
0 e
−t2dt/
√
π and the light constitute quark mass,
mq ≃ 300 GeV. To be slightly different from the one
suggested in Ref.[61], we have explicitly put the newly
derived fourth Gegenbauer term in the longitudinal func-
tion. Four model parameters can be fixed by the normal-
ization condition, the average value of the squared trans-
verse momentum 〈k2⊥〉1/22;ρ = 0.37±0.02GeV, and the sec-
ond and fourth Gegenbauer moments determined from
the sum rules (15). By using the central values for the
input parameters, we obtain: A
‖
2;ρ = 24.61, b
‖
2;ρ = 0.581,
B
‖
2;ρ = 0.075 and C
‖
2;ρ = −0.044.
B. The B → ρ transition form factors
A1 A2 V
ai1 0.233 −0.874 −1.034
ai2 0.345 0.708 5.257
∆ 0.16 0.23 0.41
TABLE III. The fitted parameters ai1,2 for the B → ρ TFFs
Fi, in which all the LCSR parameters are set to be their cen-
tral values. ∆ is the measure of the quality of extrapolation.
One of the important application of φ
‖
2;ρ is the B-
meson semi-leptonic decay B → ρℓνℓ. It is the key
component for the vector and axial vector B → ρ TFFs
A1(q
2), A2(q
2) and V (q2). By using a left-handed current
j†B(x) = ib¯(x)(1 − γ5)q2(x) to do the LCSR calculation,
one can highlight the contributions from φ
‖
2;ρ [61], thus
showing the properties of φ
‖
2;ρ via a more transparent
way. Following the standard LCSR procedures, one can
derive the LCSRs for the mentioned TFFs, which have
been presented in Ref.[61]. One only needs to replace the
DA φ
‖
2;ρ used there to be our present one.
At the large recoil region, q2 ≈ 0GeV2, we obtain
A1(0) = 0.237
+0.029
−0.021 , (26)
A2(0) = 0.246
+0.063
−0.043 , (27)
V (0) = 0.268+0.021−0.017 , (28)
where the errors are squared averages of all error sources
for the LCSRs. If using the φ
‖
2;ρ determined from the
sum rules without the NLO-terms and the dimension-
six condensates, we obtain A1(0) = 0.230
+0.028
−0.020, A2(0) =
0.257+0.063−0.043 and V (0) = 0.262
+0.020
−0.016. Those values change
from the above ones, i.e. Eqs.(26,27,28), determined from
the sum rules with the NLO-terms and the dimension-six
condensates by about 3%− 4%.
We put those TFFs versus q2 in Fig.(4), where we
have extrapolated them to all allowable q2-region via the
rapidly converging series in the parameter z(t) expansion
70 2 4 6 8 10 12 14 16 18 20
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
q2(GeV2)
A
1
(q
2
)
 
 
Lattice QCD (96’)
Lattice QCD [β = 6.0] (04’)
Lattice QCD [β = 6.2] (04’)
BFTSR-DA
0 2 4 6 8 10 12 14 16 18 20
0.5
1
1.5
2
2.5
q2(GeV2)
A
2
(q
2
)
 
 
Lattice QCD (96’)
Lattice QCD [β = 6.0] (04’)
Lattice QCD [β = 6.2] (04’)
BFTSR-DA
0 2 4 6 8 10 12 14 16 18 20
0.5
1
1.5
2
2.5
3
3.5
q2(GeV2)
V
(q
2
)
 
 
Lattice QCD (96’)
Lattice QCD [β = 6.0] (04’)
Lattice QCD [β = 6.2] (04’)
BFTSR-DA
FIG. 4. The extrapolated B → ρ axial-vector and vector
TFFs A1,2(q
2) and V (q2) by using the LCSRs derived in
Ref.[61], where the ρ-meson leading-twist DA φ
‖
2;ρ is from
our present sum rules under the BFT (BFTSR). The lattice
QCD predictions [62, 63] are presented as a comparison.
which is suggested by Refs.[67–69]
Fi(q
2) =
1
1− q2/m2R,i
∑
k=0,1,2
aik[z(q
2)− z(0)]k, (29)
where
z(t) =
√
t+ − t−√t+ − t0√
t+ − t+√t+ − t0 (30)
with t± = (mB ± mρ)2 and t0 = t+(1 −
√
1− t−/t+).
The values of the resonance masses mR,i can be found in
Ref. [69], and Fi stands for the three TFFs. The param-
eters aik are fixed such that ∆ < 1%, which are put in
Table III. The measure of the quality of extrapolation ∆
is defined as
∆ =
∑
t
∣∣Fi(t)− F fiti (t)∣∣∑
t |Fi(t)|
× 100, (31)
where t ∈ [0, 12 , · · · , 272 , 14]GeV2.
Our prediction 3.19+0.65−0.62
Omne`s parametrization [65] 2.80(20)
LCSR [5] 2.75(24)
BABAR [34]
ISGW [66] 2.83(24)
LCSR [5] 2.85(40)
BABAR [35]
ISGW [66] 2.91(40)
TABLE IV. The predicted |Vub| in unit 10
−3. The estima-
tions of the Omne`s parametrization [65] and BABAR collab-
oration [34, 35] are also presented as a comparison.
We apply the extrapolated B → ρ TFFs for the
semi-leptonic decays, B0 → ρ−ℓ+νℓ and B+ → ρ0ℓ+νℓ.
Their branching ratios and lifetimes are [38]: B(B0 →
ρ−ℓ+νℓ) = (2.94 ± 0.21) × 10−4 and τ(B0) = 1.520 ±
0.004 ps; B(B+ → ρ0ℓ+νℓ) = (1.58 ± 0.11) × 10−4 and
τ(B+) = 1.638± 0.004 ps. Those two semi-leptonic de-
cays can be adopted to determine the CKM matrix el-
ement |Vub|, we present the results in Table IV. Both
of them lead to the same predictions, |Vub| = 3.19+0.65−0.62,
where the errors are squared averages of the errors from
ξ
‖
(2,4);ρ, the Borel window, the continuum threshold s
B
0
for the B → ρ TFFs, the b-quark mass, the B-meson de-
cay constant and the uncertainties from the measured
lifetimes and branching ratios, respectively. If using
the φ
‖
2;ρ determined from the sum rules without the
NLO-terms and the dimension-six condensates, we ob-
tain |Vub| = 3.36+0.66−0.64, which changes from the one de-
termined from the sum rules with the NLO-terms and the
dimension-six condensates by about 5%. Table IV shows
our result is consistent with the Omne`s parametrization
and BABAR prediction within errors.
IV. SUMMARY
The BFT provides a clean physical picture for the per-
turbative and non-perturbative properties of QCD and
provides a systematic way to derive the SVZ sum rules
for hadron phenomenology. In the paper, we have stud-
ied the moments of the ρ-meson leading-twist DA φ
‖
2;ρ
via the SVZ sum rules up to dimension-six operators and
by taking the NLO QCD correction to the perturbative
part. Our predictions for the second and fourth moments
〈ξ‖2;ρ〉 and 〈ξ‖4;ρ〉, which lead to the Gegenbauer moments
a
‖
2;ρ|1GeV = 0.119(82) and a‖4;ρ|1GeV = −0.035(100).
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FIG. 5. The predicted differential decay width 1/|Vub|
2 ×
dΓ/dq2, where the shaded band shows the squared average of
all the errors from the mentioned error sources. The lattice
QCD predictions [62, 63] are presented as a comparison.
They indicate a double humped behavior for φ
‖
2;ρ, which
agrees with most of predictions done in the literature.
The ρ-meson DA is a key component for ρ-meson
involved high-energy processes. A better determination
of the ρ-meson DA shall be helpful for a better under-
standing of the ρ-meson physics. As an application of
φ
‖
2;ρ, we calculate the B → ρℓνℓ semi-leptonic decays
within the LCSR via a chiral correlator. It is found that
the extrapolated B → ρ TFFs agrees with the lattice
QCD predictions [62, 63] within errors. This can be
more clearly shown by Fig.(5), which shows the different
decay width 1/|Vub|2 × dΓ/dq2. Our present obtained
ρ-meson DA φ
‖
2;ρ shall be further constrained/tested by
more data available in the near future, and we hope the
definite behavior can be concluded finally.
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